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A Vaidya-type radiating solution in Einstein-Gauss-Bonnet gravity and its application
to braneworld
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Department of Physics, Kyoto University, Kyoto 606-8502, Japan
We consider a Vaidya-type radiating spacetime in Einstein gravity with the Gauss-Bonnet com-
bination of quadratic curvature terms. Simply generalizing the known static black hole solutions
in Einstein-Gauss-Bonnet gravity, we present an exact solution in arbitrary dimensions with the
energy-momentum tensor given by a null fluid form. As an application, we derive an evolution
equation for the “dark radiation” in the Gauss-Bonnet braneworld.
PACS numbers: 04.50.+h, 04.20.Jb, 04.70.Bw
I. INTRODUCTION
Higher order curvature terms naturally arise in various contexts. Among theories of gravity that involve higher
derivative curvature terms, so-called Einstein-Gauss-Bonnet gravity and its Lovelock generalization [1] are of particular
interest because of their special features. The field equations of the Einstein-Gauss-Bonnet (and the Lovelock) theory
contain derivatives of the metric of order no higher than the second, and the linearized theory about flat spacetime
is free of ghosts. The Gauss-Bonnet term is given by a combination of quadratic curvature terms as
LGB = R2 − 4RcdRcd +RcdefRcdef , (1)
which is relevant in five dimensions or higher, and reduces to a total derivative in four dimensions. This Lagrangian
appears in the low energy effective action of the heterotic string theory and in the loop correction due to quantum fields
in curved backgrounds. Very recently the Gauss-Bonnet correction is often discussed in the braneworld context [2, 3,
4, 5, 6] as an attempt to extend the well-known Randall-Sundrum model [7] in a natural way.
In Einstein-Gauss-Bonnet gravity less number of exact solutions has been known so far. Static and spherically
symmetric black hole solutions with or without a cosmological constant, as well as a topological black hole in an
anti-de Sitter (AdS) spacetime were obtained [6, 8, 9, 10, 11, 12]. They are the Gauss-Bonnet generalization of the
Schwarzschild and (A)dS-Schwarzschild solutions. In this paper we present another new example of exact solutions: a
Gauss-Bonnet generalization of the Vaidya solution, which in Einstein gravity originally describes a spacetime outside
a radiating “star” with the energy-momentum tensor of a null fluid [16]. In the recent literature the Vaidya-type
solution in an AdS spacetime is frequently used to investigate consequences of the braneworld emitting gravitons into
the extra dimension [17, 18, 19, 20, 21]. Using our new Vaidya-type solution, we construct a toy model for a radiating
Gauss-Bonnet braneworld, giving an evolution equation for the “dark radiation” parameter.
II. EINSTEIN-GAUSS-BONNET GRAVITY
We begin with a brief review of Einstein-Gauss-Bonnet gravity and static black hole solutions in it. The gravitational
part of the action that we consider is given by,
S = 1
2κ2
∫
dDx
√−g [R− 2Λ + αLGB ] , (2)
where κ is the D-dimensional gravitational constant and Λ is a cosmological constant. The Gauss-Bonnet Lagrangian
LGB is defined by Eq. (1), and thus the parameter α has dimension of (length)2. We assume that α is positive. We
also assume that D ≥ 5 because LGB is just a total derivative in four dimensions. From the action we obtain the
following field equations:
Gab = κ2Tab − Λgab + α
2
Hab, (3)
∗Electronic address: tsutomu@tap.scphys.kyoto-u.ac.jp
2where Gab is the Einstein tensor, Tab is the energy-momentum tensor of matter fields, and
Hab := LGBgab − 4(RRab − 2RacRcb − 2RacbdRcd +RacdeR cdeb ), (4)
is the Lanczos tensor.
The maximally symmetric spacetimes,
Rabcd = K (gacgbd − gadgbc) , (5)
with the curvature scale
K := − 1
2α˜
[
1±
√
1 +
8α˜Λ
(D − 1)(D − 2)
]
, (6)
α˜ := (D − 3)(D − 4)α, (7)
solve the field equations (3). Only in the “−” branch we have K = 2Λ/[(D − 1)(D − 2)] (the Einstein value) in the
limit of α → 0. Although the “+” branch seems physically less important, it is interesting to note that even when
Λ = 0 we have K < 0, namely, AdS spacetime.
Einstein-Gauss-Bonnet gravity admits static black hole solutions as a generalization of Schwarzschild and (A)dS-
Schwarzschild spacetime. They are given by the metric of the following form [6, 8, 11, 12]:
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2γijdx
idxj , (8)
where γij is a metric of the constant curvature (D − 2)-space parameterized by k = 0 (flat space), +1 (sphere), −1
(hyperboloid), and
f(r) = k +
r2
2α˜
[
1±
√
1 +
8α˜Λ
(D − 1)(D − 2) +
4α˜M
rD−1
]
, (9)
with M being gravitational mass (up to a constant factor which is not important here). Here we assume that the
expression in the square root is positive. In addition to the usual central singularity at r = 0, it can be shown that
the Kretschmann scalar RabcdRabcd diverges at the place where the square root vanishes, and thus there is potentially
another singularity. Again, in the α→ 0 limit the “+” branch is ill-behaved, while in the “−” branch we recover the
Einstein result,
f(r)→ k − 2Λ
(D − 1)(D − 2)r
2 − M
rD−3
. (10)
Unless the cosmological constant is negative, the constant curvature (D−2)-space must respect a spherical symmetry
(k = 1) because otherwise one has f(r) with the wrong signature for the “−” branch.
For the “+” branch the asymptotic behavior of the metric is
f(r) ≈ k −Kr2 + M
rD−3
[√
1 +
8α˜Λ
(D − 1)(D − 2)
]−1
,
from which one may conclude that this solution has negative mass for the “+” branch. However, the properly defined
mass with the Gauss-Bonnet effects taken into account [13, 14, 15] is in fact positive for both branches.
For later convenience we rewrite the metric (8) by using a null coordinate defined by
v := t+ ǫ
∫
dr
f(r)
, (11)
as
ds2 = −f(r)dv2 + 2ǫ dvdr + r2γijdxidxj , (12)
where the trajectory of v = constant corresponds to the ingoing radial light rays for ǫ = +1 and the outgoing ones
for ǫ = −1.
3III. A RADIATING SOLUTION IN EINSTEIN-GAUSS-BONNET GRAVITY
The original Vaidya solution in Einstein gravity describes the spacetime surrounding a star idealized as a radiating
sphere [16]. It is easy to generalize the solution in arbitrary spacetime dimensions with or without a cosmological
constant, and the metric is given by1
ds2 = −
[
k − 2Λ
(D − 1)(D − 2)r
2 − M(v)
rD−3
]
dv2 + 2ǫ dvdr + r2γijdx
idxj , (13)
where v is the ingoing (outgoing) null coordinate for ǫ = +1 (−1), and the mass parameter M is now a function of
v. From the Einstein equations G ba + Λδ ba = κ2T ba , we see that the only nonvanishing component of the energy-
momentum tensor is
κ2T rv =
D − 2
2rD−2
dM
dv
, (14)
and thus it must be of the form
Tab = σ(r, v)kakb, (15)
where ka is an ingoing (outgoing) null vector for ǫ = +1 (−1). A fluid whose energy-momentum tensor is given by (15)
is referred to as a null fluid.
Let us consider such a radiating spacetime filled with a null fluid in the framework of Einstein-Gauss-Bonnet gravity.
Starting from the static black hole solution in the Einstein-Gauss-Bonnet gravity (12), we can obtain a generalized
Vaidya metric simply by allowing the mass parameter to depend on the null coordinate:
M →M(v). (16)
Namely, the Vaidya-type radiating solution in Einstein-Gauss-Bonnet gravity is given by
ds2 = −f(r, v)dv2 + 2ǫ drdv + r2γijdxidxj , (17)
where
f(r, v) = k +
r2
2α˜
[
1±
√
1 +
8α˜Λ
(D − 1)(D − 2) +
4α˜M(v)
rD−1
]
. (18)
This metric is indeed a solution of the field equations (3) with the only nonvanishing component of the energy-
momentum tensor κ2T rv = [(D− 2)/2rD−2]dM/dv, which is exactly the same as Eq. (14). This is the main result of
the present paper.
IV. APPLICATION TO BRANEWORLD COSMOLOGY
One possible application of the Vaidya metric in D = 5 dimensions is to describe a braneworld that radiates Kaluza-
Klein (KK) gravitons into the bulk. In such a modeling, the gravitons propagating in the bulk are approximated by a
null fluid and thus are assumed to be emitted radially from the brane. Due to the emitted gravitons, the mass of the
bulk black hole, or the dark radiation parameter from the brane point of view, evolves in time. A simple radiating
braneworld cosmology in the Z2-symmetric Randall-Sundrum-type setup has been considered in Refs. [17, 18] using
the AdS-Vaidya metric (13), and recently the model has been extended to the asymmetric case [19, 20, 21] (see also [22]
and [23]). However, the dynamics of the dark radiation has not been discussed so far in the context of Gauss-Bonnet
braneworld cosmology [2, 6, 27, 28, 29]. Since we have obtained the Vaidya-type solution in Einstein-Gauss-Bonnet
gravity in the previous section, we can now derive an evolution equation for the dark radiation on the Gauss-Bonnet
brane by making use of our new metric. From now on we will consider the D = 5 case with a negative cosmological
constant Λ = −6/ℓ2. We will focus ourselves on the ingoing graviton propagation and hence we take ǫ = +1.
1 This expression includes the D = 4 case because it is a solution in Einstein gravity.
4Suppose that in the bulk spacetime (17) the trajectory of the cosmological brane is given by (v(τ), r(τ)). Here τ is
the proper time on the brane, so that
f v˙2 − 2v˙r˙ = 1, (19)
where the overdot denotes d/dτ . The unit tangent to the brane is ua = (v˙, r˙), ua = (−f v˙ + r˙, v˙), while the unit
normal to the brane is na = (r˙,−v˙), na = (−v˙,−f v˙+ r˙). The junction conditions on the brane under the assumption
of a Z2-symmetry are [24, 25, 26]
Kab = −κ
2
2
(
Tab − 1
3
Tqab +
1
3
λqab
)
− 2α
(
Qab − 2
9
Qqab
)
, (20)
where
Qab := 2KKaµK
µ
b − 2KaµKµνKνb + (KµνKµν −K2)Kab + 2KRab +RKab + 2KµνRaµνb − 4RaµKµb, (21)
and qab is the induced metric on the brane, Kab is the extrinsic curvature, Tab is the energy-momentum tensor of
the matter on the brane, λ is a brane tension. From this junction equations we obtain the modified Friedmann
equation [6, 30],
[
H2 +
1
4α
(
1±
√
1− 8α
ℓ2
+
8αM(τ)
r4
)]1/2(
2
3
∓ 1
3
√
1− 8α
ℓ2
+
8αM(τ)
r4
+
8α
3
H2
)
=
κ2
6
(ρ+ λ), (22)
where r(τ) now plays a roll of the scale factor on the brane and H := r˙/r is the Hubble parameter. Just for simplicity
we have set k = 0. In other words, we assume that the brane universe is spatially flat. Note that the “dark radiation”
in the Gauss-Bonnet braneworld does not behave like a radiation component (∝ r−4) in general.
The local conservation law in the presence of the bulk matter is given by [30]
DbT ba = −2Tµνqµanν , (23)
where Db is the covariant derivative with respect to the brane metric qab. This takes the same form as the (non)
conservation equation in the Randall-Sundrum braneworld where Einstein gravity is assumed. Eq. (23) relates the
energy density on the brane with the energy flux of the bulk gravitons as
ρ˙+ 3H(ρ+ p) = −2σ, (24)
where we have chosen the ingoing null vector ka to be normalized so that kau
a = 1 and hence kr = kv = 1/v˙.
Finally, we equate the expressions (14) and (15). Noting that v˙(dM/dv) = M˙ , we obtain the evolution equation
for the dark radiation parameter:
dM
dτ
=
2κ2
3
σr4


[
H2 +
1
4α
(
1±
√
1− 8α
ℓ2
+
8αM(τ)
r4
)]1/2
−H

 . (25)
In order to solve the coupled equations (22), (24), and (25), we need to specify the energy flux of the KK gravitons
σ (and of course the equation of state p = p(ρ)). In the Randall-Sundrum braneworld one obtains σ ∝ ρ2 by
considering the process ψψ¯ → KK graviton, where ψ is a particle confined to the brane, and calculating the scattering
amplitude [17]. Also in the Gauss-Bonnet braneworld one can in principle do the same procedure to find σ as a
function of ρ or the temperature T of the brane particles. Here we shall present a rather simple argument to find a
rough estimate of the production rate of the bulk gravitons.
The coupling of KK gravitons to the brane matter is described by the Lagrangian Lint ∼ κuµνT µν , where uµν is the
canonically normalized gravitational perturbations evaluated on the brane2, and thus the decay late Γ of the brane
particle is given by Γ ∝ κ2|uµν |2. Since heavy gravitons with m ∼ T ≫ µ mainly contribute to the energy loss from
the brane in the early universe, where µ := (−K)1/2 ∼ ℓ−1 is the bulk curvature scale, we need to know the behavior
2 Strictly speaking, the gravitational coupling to the matter is shifted due to the Gauss-Bonnet correction [4, 5], and the interaction
is given by Lint ∼ κ(1 + 4αK)
1/2uµνT
µν . The overall factor (1 + 4αK) also appears in the equation of motion for the gravitational
perturbations.
5FIG. 1: Mode function evaluated on the brane as a function of Kaluza-Klein mass m. The Gauss-Bonnet coupling is given by
αµ
2 = 10−3. (The explicit form of the mode function is found in Ref. [5].)
of the mode function uµν for m ≫ µ. In the Randall-Sundrum braneworld [7] we have |uµν |2 ∼ constant for heavy
gravitons, and hence we obtain Γ ∼ T 4/M35 , whereM5 = κ−3/2 is the fundamental mass scale and the factor T 4 arises
for dimensional reason, leading to σ ∼ Γρ ∼ ρ2 (∼ T 8). Unlike the Randall-Sundrum case, the situation is complicated
in the Gauss-Bonnet braneworld because the graviton mode functions including Gauss-Bonnet corrections exhibit a
rather nontrivial dependence on m even for m≫ µ [5] (Fig. 1). In fact, assuming that αµ2 ≪ 1, for the intermediate
scale µ ≪ T ≪ (αµ)−1 we have again the Randall-Sundrum behavior |uµν |2 ∼ constant, so that σ ∝ ρ2. At much
higher energies T ≫ (αµ)−1, the mode function is suppressed like |uµν |2 ∼ µ2/m2. Consequently we can estimate
Γ ∼ µ2T 2/M35 , and thus in this case we find σ ∝ ρ3/2. These limiting cases are, however, exceptional and generally
it is difficult to give an explicit form of σ. For this reason, tackling this issue further seems beyond the scope of this
paper.
V. SUMMARY
In the framework of Einstein-Gauss-Bonnet gravity, which involves a unique combination of quadratic curvature
terms, we have obtained an exact solution that describes a radiating spacetime filled with a null fluid. In Ein-
stein gravity such a solution is called the Vaidya metric, and is constructed by allowing the mass parameter of the
Schwarzschild or (A)dS-Schwarzschild black hole solution to depend on the null coordinate: M → M(v). Simply
and surprisingly, the same procedure gives the radiating solution of the Einstein-Gauss-Bonnet field equations with
the energy-momentum tensor of the same null fluid form. Although the reason is not clear, this fact implies that we
can generalize exact solutions in Einstein gravity to Gauss-Bonnet corrected ones in a rather na¨ive, straightforward
manner. We hope that our generalized Vaidya solution enlightens some interesting aspect of Einstein-Gauss-Bonnet
gravity.
One of the applications of the solution obtained in this paper is using it as a toy model for the Gauss-Bonnet
braneworld that radiates Kaluza-Klein gravitons into the bulk. We have derived an evolution equation for the “dark
radiation” coupled to the modified Friedmann equation and the (non) conservation equation on the brane.
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Note added:
After completing this work we became aware of Ref. [31], which appeared simultaneously to our paper and deals
6with the Vaidya-type solution in Einstein-Gauss-Bonnet gravity in the context of gravitational collapse.
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